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Convex hypersurfaes in Hadamard manifolds.
A.A.Borisenko.
Abstrat. We prove the theorem about extremal property of Lobahevsky
spae among simply onneted Riemannian manifolds of nonpositive urvature.
Hadamard proved the following theorem. Let ϕ be an immersion of a om-
pat oriented n-dimensional manifold M in Eulidean spae En+1 (n > 2) with
everywhere positive Gaussian urvature. Then ϕ(M) is a onvex hypersurfae [1℄.
Chern and Lashof [2℄ generalized this theorem. Let ϕ be an immersion of a
ompat oriented n-dimensional manifold M in En+1. Then the following two
assertions are equivalent:
(i) The degree of the spherial mapping equals ±1, and the Gaussian urvature
does not hange sign (i.e., it is everywhere nonnegative or everywhere
nonpositive);
(ii) ϕ(M) is a onvex hypersurfae.
By Gaussian urvature, we mean the produt of the prinipal urvatures.
S.Alexander generalized Hadamard theorem for ompat hypersurfaes in any
omplete, simply onneted Riemannian manifold of nonpositive setional urva-
ture.[3℄
A topologial immersion f : Nn → M of a manifold Nn into a Riemannian
manifold M is alled loally onvex at a point x ∈ Nn if has a neighbourhood U
suh that f(U) is a part of the boundary of a onvex set in M .
Heijenoort proved the following theorem. Let f : Nn → En+1, where n ≥ 2,
be a topologial immersion of a onneted manifold Nn. If f is loally onvex at
all points and has at least one point of loal strit support and Nn is omplete in
the metri indued by immersion, then f is an embedding and F = f(Nn) is the
boundary of a onvex body [4℄.
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In [5℄ this theorem was generalized to h-loally onvex (i.e., suh that
eah point has a neighbourhood lying on one side from a horosphere) regular
hypersurfaes in Lobahevsky spae and in [6℄, to nonregular hypersurfaes.
In this setion we shall reall some denitions and we shall state the notation.
A Hadamard manifold is a omplete simply onneted Riemannian manifold
with setional urvature K ≤ 0.
Like in the hyperboli spae, a horoball in a Hadamard manifold M is the
domain obtained as the limit of the balls with their entres in a geodesi ray going
to innity, and their orresponding geodesi spheres ontaining a xed point.
The boundary of a horoball is a horosphere. In general, a horosphere is a C2
hypersurfae. An h-onvex set in a Hadamard manifold M of dimension n + 1 is
a subset Ω ⊂ M with boundary ∂Ω satisfying that, for every P ∈ ∂Ω there is a
horosphere H of M through P suh that Ω is loally ontained in the horoball of
M bounded by H. This H is alled a supporting horosphere of Ω (and ∂Ω).
For Hadamard manifolds M satisfying −k21 > K > −k22 , k1, k2 > 0, if H is
horosphere, at eah point of H where the normal urvature kn is well dened, it
satises k1 ≤ kn ≤ k2.
For geodesi spheres of radius r normal urvatures satisfy inequality
k1 coth k1r ≤ kn ≤ k2 coth k2r.
Note that the value k coth kr is the geodesi urvature of a irumferene of radius
r in Lobahevsky plane of urvature −k2.
An orientable regular (C2 or more) hypersurfae F of a Hadamard manifold
M is λ-onvex if, for a seletion of its unit normal vetor, the normal urvature
kn of F satises kn > λ. A domain Ω ⊂M is λ-onvex if for every point P ∈ ∂Ω
there is a regular λ-onvex hypersurfae F through P leaving a neighbourhood of P
in the onvex side (the side where the unit normal vetors points) of F . If ∂Ω is
regular, then it is a regular λ-onvex hypersurfae.
Given any set Ω ⊂ M , an insribed ball (inball for short) is a ball in M
ontained in Ω with maximum radius. Its radius is alled the inradius of Ω, and it
will be always denoted by r. Moreover, we shall denote by O the (not neessarily
unique) entre of an inball of Ω, and by d the distane, in M to O.
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A irumsribed ball (or irumball) is a ball in Mn+1 ontaining Ω with
minimum radius. Its radius is alled irumradius in Ω and notes by R.
Now we shall prove the following theorems.
Theorem. 1 Let Mn+1 be a simply onneted omplete Riemannian manifold
with setional urvature
−k21 > K > −k22, k2 > k1 > 0.
Suppose that F ⊂ Mn+1 be a omplete immersed hypersurfae with normal
urvatures
kn > k2.
Then either
I) Fn is a ompat onvex hypersurfae dieomorphi to the sphere Sn and
R− r < k2 ln 2
or
II) Fn is a horosphere in Mn+1 and ambient spae Mn+1 is a hyperboli spae
of onstant urvature −k22.
For more strong ondition on the normal urvatures Fn it is true
Theorem. 2 Let Mn+1 be a Hadamard manifold with setional urvature
−k21 > K > −k22, k2 > k1 > 0.
Let Fn be a omplete immersed hypersurfae with normal urvatures more or equal
k2 coth k2r0 at any point F
n
. Then either
I) Fn is a ompat onvex hypersurfae dieomorphi sphere Sn and radius of
irumsribed ball
R < r0
or
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II) Fn is a sphere of radius r0 whih is boundary the ball Ω. The ball Ω is
isometri to the ball of radius r0 of hyperboli spae with onstant urvature
−k22
The ambient spae Mn+1 is a C3 regular Riemannian manifold. For proof of
part II) of theorem (1) we need the ondition.
|∇R| ≤ C,
where |∇R| is a ovariant dierential of urvature tensor Mn+1, C is a positive
onstant.
For ondition Kσ ≤ −k21 < 0 and |∇R| < C a horosphere is C3 regular hy-
persurfae and manifold Mn+1 is C2-regular Riemannian manifold in horospheri
oordinates [7℄.
At any point smooth hypersurfae Fn in Hadamard manifold there are two
tangent horospheres. Let normal urvatures Fn at some point P ∈ Fn with
respet some normal be greater zero, one of the horospheres with positive normal
urvature with respet the same normal we all tangent horosphere.
Proof of the theorem 1.
I). From the ondition of the theorem it follows that normal urvature of the
horosphere Hn in Mn+1
kn/Hn ≤ k2.
And for every point P ∈ Fn, normal urvatures of tangent horosphere in
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the orresponding diretions satisfy the inequality
kn(a)/Fn > kn(a)/Hn .
Suppose that in point P0 it is true the strong inequality
kn(a)/Fn > kn(a). (1)
Let n0 be the unit normal at the point P0, suh that the normal ur-
vatures of Fn at the point P0 ∈ Fn with respet normal n0 are positive,
Hn be a tangent horosphere at the point P0 with the normal n0. From
the inequality (1) it follows that there exists some neighbourhood of the
point P0 on F
n
suh that it lies inside the horoball bounded by horosphere
Hn. Let we take a horospherial system of the oordinates inMn+1 with the
base Hn, t is a length parameter along geodesi line orthogonal Hn, positive
diretion oinides with the normal n0 at the point P0. From another side t
is a distane from a point of Mn+1 to the horosphere Hn. Let the funtion
f = t be the restrition t oh the hypersurfae Fn, at the point P0 the
funtion f has a strong minimum. Let ϕ be the angle between the diretion
∂
∂t and the unit normal N of the hypersurfae F
n
. Along integral urves of
the vetor eld X = grad f/Fn on the hypersurfae F
n
the angle ϕ satises
the equation [8℄.
kn = µ cosϕ+ sinϕ
dϕ
dt
, (2)
where kn is the normal urvature F
n
in the diretion X at the point P ∈ Fn,
µ is the normal urvature of the oordinate horosphere at the point P ∈ Fn
in the diretion Y , whih is orthogonal projetion the vetor X on the
tangent spae of the oordinate horosphere at the point P .
As kn > k2 and normal urvatures of the horosphere µ ≤ k2 that from (2)
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for ϕ ≤ pi2 it follows
k2(1− cosϕ) ≤ sinϕdϕdt ;
sin ϕ2
sin ϕ02
> e
k2
2
(t−t0);
sin ϕ2 > sin
ϕ0
2 e
k2
2
(t−t0),
where ϕ0 > 0 is the angle between
∂
∂t and the normal N for small t0.
It follows from inequality (1) at the point P0. The angle ϕ monotonially
inreases along integral urve and for
t ≤ 2
k2
ln
e
k2t0
2√
2(sin ϕ02 )
reahes the value
pi
2 . For ϕ >
pi
2 we have
k2 ≤ sinϕdϕ
dt
;
cosϕ ≤ 1− k2(t− t1),
where ϕ(t1) =
pi
2 and for t2 ≤ t1 + 2k2 the angle ϕ reahes the value pi and
funtion f = t/Fn at this point ahieves strong maximum.
The length of integral urve on the hypersurfae Fn of the vetor eld
X = grad f/Fn satises the inequality
k2(1− cosϕ) ≤ dϕ
ds
;
s ≤ s0 +
cot ϕ02
k2
.
It follows that point Q0, where ϕ = pi does not go to innity. Let t2 be the
innum of the value t on integral urves of vetor eld X = grad f/Fn suh
that ϕ(t2) = pi. Level hypersurfaes of the funtion f = t for 0 < t < t2
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are spheres Sn−1 and points P0 and Q0 are strong minimum and strong
maximum and funtion f is a Morse funtion on Fn with two ritial points.
Therefore the hypersurfae Fn is homeomorphi to sphere Sn. From the
ondition kn > k2 we obtain that seond quadrati form F
n
is positive
denite at any point. From theorem S. Alexander [4℄ it follows that Fn
is embedded ompat onvex hypersurfae dieomorphi Sn and bounds
onvex domain Ω. The domain Ω is k2-onvex and satises the ondition of
theorem 3.1 [9℄ and
max d(O, ∂Ω) < k2 ln 2,
where O is the entre of the insribed ball.
II)1). Suppose that at any point P ∈ Fn there exists the diretion a ∈ TpFn
suh that
kn(a)/Fn = kn(a)/Hn .
Let show that some neighbourhood U ⊂ Fn of a point P0 ∈ Fn
lies in the horoball bounded by tangent horosphere Hn. Let take
horospherial system of oordinate with the base Hn.
The metri Mn+1 has the form
ds2 = dt2 + gij(t, θ)dθ
idθj. (3)
The equation of the hypersurfae Fn in the neighbourhood P0 ∈ Fn is
t = ρ(θ).
The unit normal vetor N to Fn has oordinates
ξk = − ρ
k√
1 + 〈grad ρ, grad ρ〉 , k = 1, . . . , n (4)
ξn+1 =
1√
1 + 〈grad ρ, grad ρ〉 ,
where
ρk = gksρs, 〈grad ρ, grad ρ〉 = gijρiρj, (5)
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ρi =
∂ρ
∂θi
.
Coeient of the seond fundamental form of Fn is equal [10℄
Ωij = cosϕ
[
ρi,j − 1
2
∂gij
∂t
− 1
2
∂gjk
∂t
ρiρ
k − 1
2
∂gik
∂t
ρjρ
k
]
, (6)
where ϕ is the angle between ∂∂t and normal N ,
cosϕ =
1√
1 + 〈grad ρ, grad ρ〉 , ρi,j = ρij − Γ
k
ij/gρk, (7)
where Γkij/g are Kristoel symbols of the metri
dσ2 = gijdθ
i dθj.
Coeients of metri tensor Fn have the form
aij = gij + ρiρj. (8)
From the onditions of the theorem normal urvatures
kn/Fn > k2.
And from (6) it follows that for any tangent vetor b ∈ Fn,
b = (b1, . . . , bn).
cosϕ
[
ρi,jb
ibj − 1
2
∂gij
∂t
bibj − 1
2
∂gjk
∂t
ρib
iρkbj − 1
2
∂gik
∂t
ρjb
jρkbi
]
>
> k2(gijb
ibj + (ρib
i)2). (9)
Let introdue the funtion h = ek2ρ(θ).
hi = k2e
k2ρρi;
hij = k
2
2e
k2ρρiρj + k2e
k2ρρij .
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Hene
ρi =
hi
h
1
k2
;
ρij =
1
k2
hij
h
− 1
k2
hi
h
hj
h
; (10)
ρi,j =
1
k2
hhi,j − hihj
h2
.
And inequality (9) we rewrite in the following way:
cosϕ
[
1
k2
hhi,jb
ibj − 1
k2
(hib
i)2 − 1
2
∂gjk
∂t
bibjh2 − 1
2k22
∂gik
∂t
hib
ihkbj−
1
2k22
∂gik
∂t
hjb
jhkbi
]
> k2
[
h2gijb
ibj +
1
k22
(hib
i)2
]
(11)
Sine the normal urvature of horosphere inMn+1 less or equal k2 than
− 1
2
∂gij
∂t
bibj ≤ k2gijbibj, (12)
where Aij = −1
2
∂gij
∂t
are oeients of the seond fundamental form
of horosphere t = const.
∣∣∣∣−12
∂gjk
∂t
hib
ihkbj
∣∣∣∣ = (Ajkhkbj)|hibi| ≤
≤
√
(Ajkhkhj)Ajkbkbj |hibi| ≤ k2|gradh||b||hibi|, (13)
where |b|2 = gijbibj , |gradh|2 = gijhihj .
Let we substitute (12), (13) in (11) and obtain
cosϕ
1
k2
hhi,jb
ibj > k2h
2(1− cosϕ)|b|2 + 1
k2
(1 + cosϕ)(hib
i)2−
− 2 1
k2
|gradh||b||(hibi)|. (14)
The expression in the right side in the quadrati equation with respet
|(hibi)|. The disriminant of this equation is
1
k22
|gradh|2|b|2 − h2 sin2 ϕ|b|2. (15)
But
cos2 ϕ =
1
1 + |grad ρ|2 =
k22h
2
k22h
2 + |gradh|2 ,
sin2 ϕ =
|gradh|2
k22h
2 + |gradh|2 .
And we rewrite (15) in the form
|b|2
k22
( |gradh|4
k22h
2 + |gradh|2
)
> 0. (16)
From (14) it follows
hi,jb
ibj > 0. (17)
Let L be lines on Fn whih satisfy the system of the equations
∂2θk
∂s2
+ Γkij/g(θ, ρ(θ))
∂θi
∂s
∂θs
∂s
= 0. (18)
From any point and in any diretion goes through only one line from
this family. These line we all g-geodesi. We take the restrition the
funtion h on this line
θi = θi(s);
hs = hi
dθi
ds
;
hss = hij
dθi
ds
dθj
ds
+ hk
d2θk
d2s
. (19)
If we substitute (18) in (19) then
hss = hi,j
dθi
ds
dθj
ds
> 0. (20)
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At the point P0 h = 1, hs = 0 and from (20) it follows that along
g-geodesi lines whih go through the point P0, h > 1. On tangent
horosphere Hn, h = 1 and the hypersurfae Fn lies from one side
tangent horosphere Hn.
2). Let P0 be an arbitrary xed point F
n
,Hn(P0) tangent horosphere.
From 1) it follows that some neighbourhood of the point P0 ∈ Fn
is situated in horoball bounded by horosphere Hn(P0). Let take
dual tangent horosphere H˜n(P0). This horosphere is dened by
opposite point at innity on geodesi line going in the diretion of
normal n0 at the point P0 ∈ Fn, H˜n(τ) are parallel horospheres
H˜(0) = H˜n(P0), Mτ = F
n
⋂
H˜n(τ), τ is a distane from the
horosphere H˜n(P0). Let f = τ/Fn is the restrition the funtion
τ on the hypersurfae Fn. For the funtion f the point P0 is a
strong loal minimum for small τ the set Mτ = F
n
⋂
H˜n(τ) is a
dieomorphi to the sphere Sn−1 and bounds on Fn the domain Dτ
homeomorphi a ball and ontains unique ritial point P0 of the
funtion f = τ/Fn . On the horosphere H˜
n(τ) the set Mτ bounds
onvex domain homeomorphi a ball. Really, the normal ν to Mτ on
H˜n(τ) has the form
ν = λ1n1 + λ2N,
where n1 is unit normal to H˜
n(τ), N is a normal to Fn, 〈ν, n1〉 = 0.
Therefore
ν = 〈n1, N〉n1 +N.
Let X be the unit vetor eld tangent to Mτ . Then
〈ν,∇XX〉 = 〈n1, N〉µ + kn/Fn ,
where µ is the normal urvature of the horosphere H˜(τ). Sine
kn/Fn > k2 and µ ≤ k2,then 〈ν,∇XX〉 > 0,that is the seond
quadrati form Mτ on H˜
n(τ) is a positive denite and the domain
on H˜n(τ) bounded Mτ is a onvex domain homeomorphi a ball.
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Let's onsider the body Q(τ), bounded Dτ and H˜n(τ) for small τ .
At any boundary point there exists a loal supporting horosphere. It
is a global supporting horosphere too. And the body Q(τ) is situated
in the horoball bounded by supporting horospheres. Other words the
body Q(τ) is h-onvex. Let τ∗ be a supremum τ , for whih the body
Q(τ) is h-onvex, D∗ = ⋃Dτ . Let's show τ∗ = ∞. Let us assume the
ontrary. There are three possible ases:
a). D∗ = Fn;
b). D∗ 6= Fn and on the boundary S∗ of the domain D∗ there are
ritial points the funtion f = τ/Fn.
). D∗ 6= Fn and S∗ doesn't ontain the ritial points the funtion f .
The ase c) is impossible. Really for τ > τ∗ the setMτ is homeomor-
phi the sphere too. It bounds the onvex domain on H˜n(τ) and at
any boundary point Q(τ) there exists a loal supporting horosphere. It
follows that Q(τ) is a h-onvex set for τ > τ∗ and τ∗ is not supremum.
At the ase b) the set S∗ ontains a ritial point P of funtion f .
At point P ∈ S∗ the horosphere H˜n(τ∗) is the tangent supporting
horosphere to Fn, S∗ ⊂ H˜n(τ∗)⋂Fn is the boundary of the onvex
domain homeomorphi a ball on H˜n(τ∗). Let show that H˜n(τ∗) is the
tangent horosphere at all points S∗. Really, some neighbourhood U
of the point P ∈ Fn lies at one side with respet to H˜n(τ∗), U ⋂S∗
belongs H˜n(τ∗). If the horosphere H˜n(τ∗) isn't tangent in some point
Q ∈ U ⋂S∗ then U doesn't lies for one side H˜n(τ∗). The set S∗ is
homeomorphi to the sphere Sn−1 and the sets of the points of S∗,
suh that the horosphere H˜n(τ∗) is tangent, is opened and losed at
the same time. This set isn't empty and oinides with S∗. Let Q(τ∗)
be the body bounded D∗ and the domain with boundary S∗ on H˜n(τ∗).
It is a ompat h-onvex body with smooth boundary. Let S(r) be the
irumsribed sphere Q(τ∗) .
Suppose that a tangent point P ∈ S(r) to the boundary Q(τ∗)
belongs to H˜n(τ∗). At this ase the sphere S(r) is supporting to the
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horosphere H˜n(τ∗) at the point P . The sphere S(r) and H˜n(τ∗) are
tangent at the point P and onvex sides have the same diretion. This
is impossible.
Let Q0 ∈ D∗ be a tangent point of the sphere S(r). For Hadamard
manifolds are true the following.
Ëåììà. 1 Let S(r) and S(R) (r < R)be tangent spheres at the point
Q in Hadamard manifold of the setional urvatures K ≤ 0.
Suppose at the point Q the onvex sides of the spheres are the same.
Then at the point Q the normal urvatures of the sphere S(R)are less
than normal urvatures the sphere S(r) in orresponding diretions.
Proof. Let take in Mn+1 the spherial system oordinate with pole O,
where O is the entre of the sphere S(R). In the neighbourhood of the
point Q the sphere S(r) has the following parametrization
t = h(θ1, . . . , θn),
where t, θ1, . . . , θn are spherial oordinates in Mn+1 with metri
ds2 = dt2 + gij(t, θ)dθ
idθj.
The normal urvature S(r) at the tangent point Q of the spheres in
the diretion b = (b1, . . . , bn) is equal:
kn =
(
∂2h(θ1, . . . , θn)
∂θi∂θj
− 1
2
∂gij
∂t
)
bibj
gijbibj
=
kn(b)/S(R) +
∂2h(θ1, . . . , θn)
∂θi∂θj
bibj
gijbibj
. (21)
Let take a map:
exp−1
o
: Mn+1 → T
o
Mn+1 = En+1.
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The image of the sphere S(R) is the sphere S¯(R) with the enter
O¯ = exp−1(O) and radius R. The image of the sphere S(r) lies
in a losed ball in En+1 of radius r with the enter P¯ = exp−1
o
(P ),
where P is the enter of the sphere S(r).
Really, let onsider triangles OPX, O¯P¯ X¯, where
X ∈ S(r), X¯ = exp−1
o
(X); OP = O¯P¯ = R − r, OX = O¯X¯ = h
and ∠POX = ∠P¯ O¯X¯. From nonpositivity of the setional urvature
Mn+1 and omparison theorem for triangles if follows that P¯ X¯ ≤ PX.
In spherial system of oordinates with pole O¯ the metri En+1 has
the form
ds2 = dt2 +Gij(t, θ)dθ
idθj.
The normal urvature of the image of the sphere S(r) at the point Q¯
is equal
kn =
(
∂2h(θ1, . . . , θn)
∂θi∂θj
− 1
2
∂Gij
∂t
)
bibj
Gijbibj
=
∂2h(θ1, . . . , θn)
∂θi∂θj
bibj
Gijbibj
+
1
R2
. (22)
As the image S(r) lies in a losed ball of radius r with enter P¯ , then
k¯n >
1
r
.
From (22) it follows at the point Q
∂2h(θ)
∂θi∂θj
bibj > 0 (23)
From (21) and (23) we obtain the statement of the lemma1.
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It follows from lemma that normal urvatures of the horosphere less
than normal urvatures of the tangent sphere whih lies inside horoball,
bounded by horosphere. Therefore at the point Q0 ∈ Fn normal ur-
vatures Fn satisfy an inequality:
kn/F
n > kn/S(r) > kn/H
n,
where Hn is the supporting tangent horosphere. But this ontradits
the assumption that at any point Fn there exists the diretion a suh
that
kn(a)/Fn = kn(a)/Hn .
And the ase b) is impossible. The ase a) is possible only for τ∗ =∞,
otherwise it is true arguments of the ase b).
We have proved that any tangent horosphere is globally supporting.
Let P1, P2 be dierent arbitrary points F
n
and tangent supporting
horospheres H1,H2 are dierent too. Then F
n
belongs to intersetion
of horoballs bounded by horosphere H1,H2. Intersetion of horoballs is
a ompat bounded set if the setional urvature of Hadamard manifold
Kσ ≤ −k21 < 0.
Therefore τ∗ < ∞, but it is impossible. Hene horosphere H1 and H2
oinide and Fn is a horosphere in Hadamard manifold Mn+1.
3) Let introdue the horospherial system of oordinates with base Fn in
the manifold Mn+1. The metri of the ambient spae has the form (3).
For t = 0 we obtain the hypersurfae Fn. Prinipal urvatures of
horosphere t = const satisfy the inequalities k2 > λi > k1, suh that
the setional urvature of Mn+1 satises inequality
−k21 > K > −k22.
By ondition of the theorem the prinipal urvatures of Fn satisfy
inequality λi > k2 and we obtain that λi = k2 and horosphere F
n
is an
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umbilial hypersurfae. Prinipal urvature of equidistant horospheres
t = const satisfy the Riati equation.
dλ
dt
= λ2 +Kσ,
where Kσ is the setional urvature in the diretion of twodimensional
plane span on the normal to horosphere and orresponding prinipal
diretion. Sine Kσ > −k22, that
dλ
dt
> λ2 − k22 , λ(0) = λ0.
Solving this inequality we obtain
λ > k2
(k2 + λ0)e
−2k2t − (k2 − λ0)
(k2 + λ0)e−2k2t + (k2 − λ0)
for λ0 = k2, λ > k2, from another side λ ≤ k2. And we get λ = k2
for all values t.
Therefore the oeients of metri tensor gij of the ambient spae
Mn+1 satises the equations:
−1
2
∂gij
∂t
= k2gij .
And gij(θ, t) = gij(θ, 0)e
−2k2t
. The metri Mn+1 has the form
ds2 = dt2 + e−2k2tdσ2,
where dσ2 is the metri of the base horosphere Fn. Let show that metri
of Fn is at. Suppose that in some point of Fn on some twodimensional
plane the setional urvature γ2 6= 0. Then the setional urvatures
of the oordinates horosphere t = const in orresponding point and
diretion is equal γ2e
2k2t
. From Gauss formula we get that the setional
urvature of the ambient spae Mn+1 at the same diretion is equal
γ2e
2k2t − k22 , −∞ ≤ t < +∞.
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As the setional urvature Mn+1 satises the inequality
−k21 > K > −k22,
that γ2 = 0 and the manifold M
n+1
is a spae of onstant urvature
−k22 .
Proof of the theorem 2. From the part I) of theorem 1 it follows that Fn is
a ompat onvex hypersurfae dieomorphi to Sn. Analogial, to the proof of
the theorem 3.1 [9℄ we obtain that every tangent sphere of radius r0 is globally
supporting and Fn belongs to losed balls bounded of this spheres. It is possible
two ases:
I). There exist two dierent points P1, P2 ∈ Fn suh that tangent spheres
S1(r0), S2(r0) at these points of radius r0 don't oinide. Than F
n
lies in
intersetion of balls bounded of these spheres. In Hadamard manifold the
intersetion of dierent balls of radius r0 belongs to the ball of radius less
r0.
II). At all points Fn the tangent sphere of radius r0 is the same and F
n
oinides
with the sphere of radius r0. Analogial to the proof of part II).3) of
theorem1 we obtain that the ball bounded of this sphere isometri to a
ball of radius r0 in Lobahevsky spae of urvature −k22.
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